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Abstract 
We give bijective proofs, using weighted lattice paths, of two multinomial identities concern- 
ing the generalized h-factorial polynomials of order n. 
[x]~, := x(x + h)(x + 2h)...(x + (n - 1)h). 
The first-one is the multinomial identity of order s verified by these polynomials. Using this 
identity (and its proof) as a lemma, we derive the main identity that generalizes previous results 
of Carlitz (1977), Egorychev (1974) and the classical identity of Banach. 
1. Introduction 
One of us (SNB) proposed in 1988, as a problem for the Balcanic Mathematical 
Olympiad, the following 'bivariate' form of the classical Banach's identity: 
m + k 2n_ k 2,.+,+1 n+k .2m_k + . = 
k k k=O 
(1) 
Our proof was bijective, but apparently it cannot be easily extended to 'more 
dimensions' than two. The second author (VD) provided another combinatorial 
model that can be extended to more dimensions. 
Finally, the first author observed that we can add some weights to obtain a multi- 
nomial polynomial identity instead of a numerical identity only. 
After all of that, we came across Carlitz's [2-1 paper that contained an analytical 
proof of the identity found independently b  us using bijective methods. But we were 
able, finally, to 'save' our bijective model by proving the same identities for the more 
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general h-factorial po lynomia ls  of Schlafli: 
[x]~, := x(x + h)(x + 2h). . -(x 4- (n - l)h). 
j=O O<~ik <~nj+~ 
for  1 ~k <.s 
nj + il + "'" 4- i 9 ,_ -,,j+ 1 i, i, 
nj, il ..... is " LXjJi, [xj+ 1], "'" [Xj+~]h 
• [Xo + "" + x~ + (nj + 1 + i~ + .. .  + i~)h]ff - "~- i ' -  . . . .  i, 
- IN+I  




2. The  main  resu l ts  
Let s >~ 2 be an arb i t rary  but fixed integer and x l ,  x2 . . . . .  x~ be commut ing  indeter- 
minates.  
Lemma 1. The following identity is true: 
( n )  " [x l ] "h [x~]"h '=[x l+ ' ' '+x~]~' 'n l , . . . ,n~ .... E 
nl,,.,,n s >~0 
n I -I- .,. 4-111=11 
where 
[x ]° := l  and ( n ) =n!/ (n ' ! ' ' 'n~!)nx, . . . ,n~ 
is the multinomial coefficient. 
(4) 
Theorem 1. For any integers s >1 1, no . . . . .  ns >>. 0, N >~ no + ... + ns and commuting 
indeterminates Xo ..... x~, the following identity is true: 
j=O 
(n j+ i ,+ . . .+ i , )  r , . ,+ , r .  Lxjjh Lxj+ "... '" 
n 1, il . . . . .  i~ 1]h [xj+~]h 
0 ~< ik ~< nj+k 
for  1 <<.k <<.s 
• [Xo + "" + x~ + (nj + 1 + il + ".. + is)h]~ -"F i ' -  .... i' t 
J 
= [Xo + "-. + x~]~ +1, (5) 
S.N. Bu=eteanu, V. Domoco~/ Discrete Mathematics 150 (1996) 421-425 
where the indices are taken modulo (s + 1) and 
(nj + i' + "" + i~) =(nj + i' + ''' + i, . . . . . is 
is the multinomial coefficient. 
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3. The combinatorial model and (sketch of) the proofs 
Let s >t 2 be an arbitrary but fixed integer and x~ ..... x~ be s commuting indetermi- 
nates. We consider lattice paths of length n/> 0 in 7/s, starting from the origin and 
having elementary steps of the form 
ej = (61, j . . . . .  ~s,j), 1 <~ j <~ s, (6) 
where ~,j is Kronecker's delta. Denote by W(~ ) the set of these paths. 
For any integers nl ..... n, >i 0 with n~ + ... + n~ = n we denote by M(nl . . . . .  ns) the 
set of lattice paths w of length n(n = n~ + ... + ns) having type typ(w) = <hi ..... n~>. 
That is, w is in M(n~ ... . .  n~) iff it contains exactly nj elemenatry steps ej for any 
1 ~< j ~< s. Clearly: 
W(*) = 0 M(nl .,n~), (7) 
h i ,  . . . ,n~ >10 
n I + . . .  +ns=n 
where the point denotes disjoint union. 
The number of lattice paths w in M(n 1 .. . . .  n~) is the multinomial coefficient 
(n~ + ... +n  4 
n 1 . . . . .  n s 1" 
We define now, for any lattice path w in M(n~ ..... n,), a monomial weight: 
ptw) := [x , ]~'  .-. [x,]"~'= [x ] ;  ' " ( ' ) .  (8) 
If we put now naturally: 
p(W~') ("' = p(W,  ,x l  . . . . .  x~):= ~ p(w), (9) 
w~W~ I 
then we see immediately that we have the fundamental equation: 
p(W(nS); x 1 . . . . .  Xs) = ~ Xj" p(W~L1; xt + 61.jh .. . . .  x~ + 3~.jh) 
j= l  
(lO) 
(this becomes evident if we consider the first step of the lattice paths w in W~S)). 
Now, the proofs of the identities become nearly trivial (!). 
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Proof of Lemma 1. We will compute the weight p(Wt. ~) in two different manners. 
First, using (9), (8) and (7), we see that p(Wtf) equals the LHS of (4). 
Next, we use induction on n t> 0 and the fundamental equation (I0) to see that 
p(W(. s}) equals also the RHS of (4) (the crucial point in the inductive step is that, in the 
proof for n >/1, you can assume inductively that p(W(. s)) equals the RHS of (4) for 
n - 1 and any values of xl . . . . .  xs.) 
The proof follows. [] 
l~:(s + 7/s+ 1, Proof of Theorem 1. Consider the set of lattice paths ,, N + ~ in having also the 
elementary step 
eo = (1, 0 .. . . .  0) ~ 2vs+ 1 
(see relation (6); the indices of any vector are 0, 1 . . . . .  s). 
By Lemma 1, their weight is: 
p 'u:~s÷ ~') = RHS of (5). (1 l) ~vv N+ 
u:{s+l) has to go outside the But because N/> no + ... + ns, any path w in ,, N+I 
parallelipiped 
P = P, ...... ,, = {(io . . . . .  i,)10 ~</~< n~ for 0~<j~< s}. 
ill(S + Hence for any path w in ,, N+ Xl) there exists some unique j -- j(w), 0 ~< j ~< s, such 
that w leaves P using the elementary step e i. It follows that w factorizes uniquely in the 
form w = wlejw2, where 
and 
Wl = (0 .. . . .  0) * ( i ,+l - j  . . . . .  i , ,nj, i l ,  . . . , is - j )  
w2 = (i~+l-j . . . . .  i , ,nj + 1, i1 . . . . .  is-j) * end of w. 
Using again Lemma 1 and the definition of the p-weight, we obtain: 
pt uz( s + ,, N+ 11)) = LHS of (5). 
The proof follows from (11) and (12). [] 
(12) 
4. Final remarks 
(1) For h = 0, identity (5) reduces to Carlitz's (1977) identity. But, as remarked in 
Section 1 his proof was analytical. 
(2) The polynomial generalization of our starting identity (1) given by Lee and Lee 
is also a special case of our identity (5). 
(3) It would be of interest o further extend the above combinatorial model. For 
example, one could also try to use 'diagonal' steps. 
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